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Abstract. We present the classification of a subclass of n-dimcnsional naturally graded Zinbicl 
algebras. This subclass has the nilindex n — 3 and the characteristic sequence (n — 3, 2, 1). In fact, 
£f} ' this result completes the classification of naturally graded Zinbiel algebras of nilindex n — 3. 
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1. Introduction. 

m 

' Intensive investigation on Lie algebras leads to the appearance of a new algebraic object - Leibniz 

algebras. The Leibniz algebras introduced by Loday in [7] are a "non commutative" algebras analogue 
to Lie algebras. It should be mentioned that Leibniz algebras inherit an important Lie algebra property: 
the operator of right multiplication on an element of an algebra is a derivation. 

Leibniz algebras form a Koszul operad in the sense of V. Ginzburg and M. Kapranov [6]. Under the 
| Koszul duality the operad of Lie algebras is dual the operad of associative and commutative algebras. 

The notion of dual Leibniz algebra defined by J.-L. Loday [8] is precisely the dual operad of Leibniz 
algebras in this sense. 

In this paper, we study algebras which are the dual to Leibniz algebras in Koszul sense. J.-L. Loday 
studied in [8] categorical properties of Leibniz algebras and considered in this connection a new object 
- Zinbiel algebras (Leibniz is written in reverse order). Since the category of Zinbiel algebras is Koszul 
dual to the category of Leibniz algebras, sometimes they arc also called dual Leibniz algebras. 
qq ■ In [2, 5, 9] some crucial properties of Zinbiel algebras were obtained. Particularly, in [5], the authors 

prove that every finite-dimensional Zinbicl algebra over complex numbers is nilpotent. However, the 

■ study of nilpotent algebras is too complex and should be carried out with additional conditions, such 
£T) [ as conditions on nilindex, various types of gradations, characteristic sequence and others. 

The aim of this work is to continue the study of complex finite-dimensional naturally graded Zinbiel 
algebras. The n-dimensional Zinbiel algebras of nilindex k with n — 2 < k < n are classified in [1, 2]. 
The classification of complex n-dimensional naturally graded Zinbiel algebras of nilindex n — 3 is a 
difficult problem and it should be divided into three cases. Namely, it is necessary to consider the 
possibilities of the characteristic sequence of such algebras: (n — 3, 3), (n — 3, 1, 1, 1) and (n — 3, 2, 1). 
The classification of complex naturally graded Zinbiel algebras of nilindex n — 3 with characteristic 

■ sequence equal to (n — 3, 3) and (n — 3, 1, 1, 1) has been done in [1]. 

The knowledge of naturally graded algebras of a certain family offers significant information about 
their structural properties. 

In this paper we obtain the classification of naturally graded Zinbiel algebras of nilindex n — 3 with 
characteristic sequence (n — 3, 2, 1). Thus, we complete the study for the n — 3 case. All the spaces 
and the algebras are considered over the field of complex numbers. We omit the products which are 
equal to zero for convenience. 

Throughout all the work we use the software Mathematica (see [3]) to compute the Zinbiel iden- 
tity in low dimensions and to formulate the generalizations of the calculations, which are proved for 
arbitrary dimension. Moreover, the program allows us to construct new bases using some general 
transformation of the generators of the algebra. 

Since the direct sum of nilpotent Zinbiel algebras is nilpotent, we shall consider only non split 
algebras. 

2. Preliminaries 

In this section we introduce some definitions, notations and results, which are necessary for the 
understanding of graded Zinbiel algebras. 

l 
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Definition 2.1. A vector space Z over a field K with a bilinear operation "o" is called Zinbiel algebra 
if for any x,y, z G Z the following identity 

(2.1) (x o y) o z ~ x o (y o z) + x o (z o y) 

holds. 

Examples of Zinbiel algebras can be found in [2, 5, 8]. 
Z(a, &, c) denotes the following polynomial: 

Z(a, b,c) = (a o b) o c — a o (b o c) — a o (c o b). 

Zinbiel algebras are defined by the identity Z(a, b, c) = 0. 

For a given Zinbiel algebra Z the sequence of two-sided ideals defined recursively as follow: 

Z 1 = Z, Z k+1 =ZoZ k , k > 1. 
is said to be the lower central series. 

Definition 2.2. A Zinbiel algebra Z is called nilpotent if there exists s G N such that Z s ^= and 
Z s+1 = 0. The minimal number s satisfying this property is called the index of nilpotency or nilindex 
of the algebra Z. 

For a given Zinbiel algebra Z we introduce denotations: 

R{Z) ~{xEZ\yox = for any y G Z} the right annihilator of Z, 

L(Z) = {x G Z | x o y = for any y G Z} the left annihilator of Z, 

Cent(Z) = {x, y G Z | xoy~yox~0 for any y G Z} the center of Z. 

It is easy to see that the center and the right annihilator of Z are two-sided ideals. 

Let us denote by L x the operator of left multiplication on element x, i.e. L x : Z — > Z such that 
L x {y) = x o y for any y G Z. 

Let Z be a complex n-dimensional Zinbiel algebra and x be an element of the set Z\Z 2 . For the 
operator L x we define a descending sequence C(x) ~ (m, ri2, . . . , Hfe) with m + • • • + rifc = ra, which 
consists of the dimensions of the Jordan blocks of the operator L x . In the set of such sequences we 
consider the lexicographic order, that is, C(x) = (n±, H2, • • • ,Uk) < C{y) = (mi, ni2, . . . , m s ) if there 
exists i such that ni < mi and nj = mj for j < i. Taking into account the equality n\ + • • • + nk = 
n?i + ■ • • + rn s such comparison is always applicable. 

Definition 2.3. The sequence C(Z) = max{C(a;) : x G Z\Z 2 } is called the characteristic sequence 
of the algebra Z. 

In [5], the authors prove that Zinbiel algebras of finite dimension are nilpotent. Since we focused 
our attention on finite dimension complex nilpotent Zinbiel algebras. 

Let Z be a finite-dimensional nilpotent Zinbiel algebra with nilindex equal to s. For i (1 < i < s) 
we put Zi = Z l /Z l+1 and we obtain the graded Zinbiel algebra 

gr{Z) = Zi © Z 2 © . . . © Z s , where Z; o Zj C Z i+j . 

An algebra Z if called naturally graded if Z = gr(Z). It is not difficult to see that Z^ + i = Zi o Z ; 
in the naturally graded algebra Z. 

Let Z be a naturally graded Zinbiel algebra with characteristic sequence (n — 3, 2, 1). By definition 
of characteristic sequence there exists a basis {ei, e 2 , ■ ■ ■ , e n } in the algebra Z such that the operator 
L ei has one block J„_3 of size (n — 3), one block J2 of size 2 and one block J\ of size one. 

Note that there will be six possibilities for the operators L ei . By a change of basis it is easy to prove 
that the six cases can be reduced to the following three cases: 

/ Jn-3 \ / J 2 \ / Ji \ 

/. J 2 , 77. J„_ 3 , III. J„_ 3 . 
\0 OJi/ \ OJi/ \0 J 2 / 

Definition 2.4. Zinbiel algebra Z is called either of first type (type I), second type (type II) or third 
type (type III) if the operator L ei has the form: 

( Jn-3 \ / J 2 \ / Ji \ 

/. J 2 , II. J„_ 3 , III. J„- 3 
\0 OJi/ \ Jx ) \0 J 2 J 
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respectively. 

From now on we denote by C\ the combinatorial numbers C\ = 
The following result holds: 



Lemma 2.5. [4] Let Z be a Zinbiel algebra such that e\ o = e,_|_i /or 1 < i < A; — 1, with respect to 
the adapted basis {ei, . . . , ejt, efc+i, . . . , e„}. T/ien 

ej o e,- = C( +j _ 1 e t+j , for 2 < i + j < k 
3. Main Result 

3.1. Type I. Algebras of type I with n > 8. So, we have the following brackets: 

eio a = e i+ i, 1 < i < n - 4, 
ei o e„_ 3 = 0, 
ei o e„_ 2 = e„_i, 
ei o e„_i = 0, 
d o e„ = 0. 

It is easy to see that 2, D (a) where 1 < i < n — 3. It is evident that dim(Z\) > 1. In fact, if 
dim(Z\) = 1, then the algebra Z is one-degenerated and therefore it is a zero- filiform algebra, but it 
is not an algebra of nilindex n — 3. Let us assume that e n -2 S Z ri and e„ 6 Z r2 , then e„_i S Z ri+ \. 

We can distinguish the following cases: 
Case I. If n = T2 = 1. 

Then we have that 

Z x =< ei, e„_ 2 , e„ >, Z 2 =< e 2 , e„_i >, Z 3 =<e 3 >,..., Z n _ 3 =< e„_ 3 > 

and the following products: 

ei oei=e 2 , ei o e n _ 2 = e n _i, e„_ 2 ° ei = are 2 + c^en-i, 

e n -2 ° e„_2 = a 3 e 2 + c^en-i, e„_ 2 oe„ = a 5 e 2 + a 6 e„-i, e„ o ei = /3ie 2 + /3 2 e„_i, 
e„ o e„_ 2 = fi%e-2 + p4.e n -i, e. n o e n = fise2 + fie^n-i, eioe 2 = e 3 , 
e„-2 e 2 = 7ie 3 , e„_ 2 o e„_i = 7 2 e 3 , e„oe 2 =7 3 e 3 , 

e» o e„_i = 7 4 e 3 . 

From the equality Z(ei, e n , ei) = Z(e\, e„, e n ) = we have /3% = 0$ = 0. 

Let us consider the equalities Z(ei, e„_ 2 , ei) = Z(ei, e n _i, ei) = then it follows ai = 0. 

From the equalities 

Z(ei, ei, e„_ 2 ) = Z(e„_ 2 , ei, ei) = Z(e„_ 2 , e„_i, ei) = Z(ei,ei, e„) = 
Z(ei, e„, e 2 ) = Z(e„, e„_i, ei) = Z(ei, e„_ 2 , e„_ 2 ) = Z(ei, e„_i, e„_ 2 ) = 
Z(ei, e„_ 2 , e„) = Z(ei, e„, e„_i) = Z(ei, ei, e„_i) = Z(ei, e n _ 2 , e 2 ) = 
Z(e n -2 7 e„, ei) = Z(e„- 2 , e„_ 2 , ei) = 



we obtain 
and 



71 = 72 = 73 = 74 = "3 = «5 = (#3 = 0, 



e2 ° e„_ 2 = e„_ 2 o e 2 = e 2 o e n _i = e„_i o e 2 = e 2 o e„ = e„ o e 2 = 0. 



Now, by mathematical induction method, we prove that e n _i o = and o e n _i = with 
2 < fc < n - 3. 

• If k = 2, then we have e n _i o e 2 = e 2 o e n _i = 0. 

• Let us suppose that for some k the equalities e„_i o = and o e n _i = are true. We 
prove it for k + 1. 

e«-i o et+i = e„_i o (ei o efc) = (e„_i o ei) oq- e„_i o (eu o ei) = 
= -C\e n -\ o e fc+ i = -fce„_i o e fc+ i, e„_i o e fc+ i = 0. 

e/c+i e n _i = (ei o e fc ) o e n _i = ei o (e fc o e n _i) + e x o (e„_i o e k ) = 
= 
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2 o e k — and e k o e„ = e„ o e k — for 



2 < i + j < n - 3, 



Z(ai,02, 03,04, as, a 6 ) : < 



As in previous cases, it easy to see that e k ° e n -2 = 
2 < k < n - 3. 

Thus, we have obtained the following family of algebras: 

&% o e.j = Cj + j_ 1 et+j , 
ei o e„_ 2 = e n _i, 
e n -2 ° ei = aie„_i, 
e„_ 2 o e„_ 2 = a 2 e„_i, 
e-n-2 e„ = a 3 e„_i, 
e„ o ei = 04e n _i, 
e n o e„_2 = ti5e„-i, 

where we omit the products that are equal to zero. 

Theorem 3.1. An arbitrary Zinbiel algebra of the family Z(ai, ai, 03, 04, (X5, ae) is isomorphic to one 
of the following pairwise non-isomorphic algebras: 

Zi(l, 0,0,0,1,0), Z 2 (0, 0,0, 0,1,0), Z 3 (0, 1, 0, 1, 0, 0), 

Z 4 (0, 0,0, 1,0,0), Z 5 (0, 1,0, 0,0,0), Z 6 (l, 1,0, 0,0,0), 

Z 7 (A, 0,0, 0,0,0), AeC, Z 8 (0,A,1,0,0,1), A e C \ {0}, Z 9 (a, -7^,, 1, 0, 0, 1), aeC\{0,l}, 
Z 10 (0, 0,1, 0,1,1), Zu(l, 0,1, 0,1,1), Z 12 (0, 0,1, 1,0,0), 

Zi 3 (0, 0,1, 0,0,0), Z M (A, 1,1, 0,1,1), AeC, Z 15 (0, 1,1, -1, 1, 1), 

Z 16 (l, 1,1, 0,1,1). 

Proof. Let Z be satisfying to the hypothesis of the theorem. Due to the property of natural gradation 
of the algebra it is enough to consider the following change of generators: 

ei = Piei + P n -2e n -2 + P n e n , 

e 'n-2 = Ql e l + Qn-2&n-2 + Qn^n, 

e = R\e\ + R n -2e n -2 + R n e n - 



Making the general change of basis in the family Z(a\, 02, 03, a 4 , 05, a§), we derive the expressions 
of the new parameters in the new basis (1): 

, a\P\Q n ^2 + 0-2Pn-2Qn-2 + a-zPnQn-2 + 0-iPiQ n + a§P n -2,Q n + aeP n Q n 

a\ = , 

PlQn-2 + 0-2P n -2Qn-2 + 0,3,P n -2Qn + O.^PnQn-2 + CLePnQn 
1 a 2Q\-2 + a 3<3n-2Qn + O'hQn-lQn + a 6<3n 



PlQn-2 + 0-2Pn-2Qn-2 + 0>aPn-2Qn + O'bPnQn-i + 0-()PnQn 

a-2Qn-2Rn-2 + Q3Qn-2Rn + &5QnRn-2 + O-sQnRn 
PlQn-2 + 0>2Pn-2Qn-2 + 0>3pn-2Qn + Q>$PnQn-2 + tl§P n Q n 
a\P\R n -2 + a2P n -2Rn~2 + 0-3,PnRn-2 + a^PiRn + a^Pn^Rn 



QQPnRn 



PlQn-2 + a2-Pra-2Qn-2 + G 3 -Pn-2<2« + &^PnQn-2 + &§PnQn 
I _ 0,2Qn-2Rn-2 + a3<3n-Rri-2 + a$Q n -2Rn + CL&QnRn 

5 PlQn-2 + Cl2Pn-2Qn-2 + a?,Pn-2Qn + a^P n Q n -2 + a§P n Q n ' 

I _ a 2Rn-2 + a ?>Rn-2Rn + a^Rn^Rn + &&Rn 

6 PlQn-2 + 0-2Pn-2Qn-2 + &3-Pn-2Qri + ClhPnQn-2 + &§PnQn ' 

and the following restrictions: 

Qx = Rx = 0, 

P\Rn-2 + 0,2P n -2Rn-2 + J ^Pn-2Rn + O-bP-nRn-2 + a&PnPn = 0, 
PlQn-2 + a2Pn-2Qn-2 + ^Pn^Qn + 0,sP n Q n -2 + aeP n Qn ^ 0, 
P\{Qn-2Rn — QnRn-2) 7^ 0. 

We can distinguish two cases: 



(2) 



Case 1. Let e n € -R(Z) be, then 03 = ae = 0. 
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From the restrictions, 

(Pi + a 2 P n _ 2 + a 5 P„)P„_ 2 = 0, 
(Pi + a 2 P n _ 2 + a 5 P„)Q„_ 2 ^ 0, ^ i?„_ 2 = 0. 

Pl(Qn-2Rn — QnRn-2) i= 0. 

it follows that P\Q n - 2 R n 7^ 0. Thus, the new parameters are: 

/ _ OlPlQji-2 + d2Pn-2Qn-2 + CLiPlQn + ^Pn-2Qn 

1 Qn-i{P\ + a 2 P„-2 + a^P n ) 

I _ Q2<3k-2 + a^Qn 

° 2 ~ Pi + a 2 Pn-2 + a 5 P n ' 
i _ RnjajPi + asPn-2) 
4 Qn-2(Pl + a 2 P n -2 + a 5 P n ) ' 

, _ a-sRn 

° 5 ~ Pi + a 2 P„- 2 + a 5 P n ' 
We observe that the nullity of 0,5 is invariant. Moreover, it is easy to check that the nullity of the 
following expression 

, , , , (a 2 a 4 - aia 5 )PiR n 

a 9 a A -fliOt = — — — .„ 

24 15 (Pi + a 2 P„- 2 + a 5 P„) 2 

is invariant. Thus, we can distinguish the following non-isomorphic cases: 



Case 1.1. Let a§ 7^ be. Then choosing 



R _ Pi + OgPn-g + O-bPn p CL4P1 n a 2 Qn-2 

j * n—2 7 

we have 

° 5 = 1 ' °* = °' fl2 = °' a ^ (a 2 a 4 -a 5 ) Pl -alP n 
and the determinant is formed by the potencies of the following non-zero factors: P\Q n -20-b{{ a 20-A — 
a 5 )Pi - a\P n ). 

a) If 02&4 — 0105 7^ 0, choosing P n = — — we receive a[ = 1. It follows the algebra 
Zi(l, 0,0,0, 1,0). 

6) If 0204 — aiag = 0, then we obtain a[ = and we have the algebra Z 2 (0, 0, 0, 0, 1, 0). 



Case 1.2. Let 0,5 = be. Then, 05 = and we have 

, _ fllPlQn-2 + a 2 Pri-2Qn-2 + Q4pLQn 
0l ~ Q„- 2 (Pl +a 2 Pn-2) : 

. d 2 Qn-2 



2 Pi + a 2 P„-2 ' 
a^PiRr, 

a 4 



Qn-2(Pl +a 2 P„- 2 ) 

with PiQ n _ 2 Pn(Pi + a 2 P„- 2 ) ^ 0. 

We observe that the nullities of 02 and 04 are invariant, so we can distinguish the following cases: 

a) Let 04 7^ be. Then, choosing 

Qn- 2 (Pi + a 2 Pn- 2 ) „ <3«- 2 (aiPi + a 2 P l - 2 ) 



Pn 



04 Pi 04 Pi 

we get a 4 = 1 and a'i =0. 

a.l) If a 2 7^ 0, then choosing Q n ~2 = — — — - — — — ■, we obtain a 2 = 1 and the algebra 

a 2 

Z 3 (0, 1,0, 1,0,0). 



a. 2) If «2 = 0, then we have a' 2 = and the algebra .£4(0, 0, 0, 1, 0, 0). 
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6) Let ct4 = be. Then a' A = and we have 

/ OlpL + d 2 P n - 2 , d 2 Q n - 



1 Pi + a 2 P n _ 2 1 2 Pi+o 2 P„_ 2 ' 
We have that the nullity of the following expression: 

Pi(oi-l) 



a\ - 1 



Pi + a 2 P„_ 2 
is invariant. 

6.1) Let a 2 7^ be. Then, choosing Q n -2 = — — — — - — — we obtain at, = 1. 

a 2 

• If oi — 1 0, then putting P„_ 2 = - 3 ^ L , we have a' x = and the algebra Z 5 (0, 1, 0, 0, 0, 0). 
The determinant of change of basis consists of the potencies of the following non-zero factors 

02(Ol - l)PlPn- 

• If ai — 1 = 0, then di = 1 and we obtain Zq(1, 1, 0, 0, 0, 0). 

6.2) Let a 2 = be. Then, we have a' 2 = 0, a\ = 01 = A G C and the family Zj(\, 0, 0, 0, 0, 0), with 
A G C. 

Case 2. Let e n £ R(Z) be, then (03, ae) 7^ (0, 0). We can suppose that 03 ^ 0, in another case, 03 = 
and <26 7^ we make the following change of basis /{ = fx + fa. Thus, 03 ^ 0. Taking into account the 
expressions given in (1), the restrictions (2) and the following expression: 

A = 0304 + a^a 4 a 5 — 010^0405 + a 2 a 3 ala 5 — 010304a 2 ,— 
— oia§06 — 3a 2 0304a6 + 010^30406 — a 2 a 2 a6+ 
+030506 + 01030506 + a 2 0405a6 + aia 2 a405a6 — 
-010506 - a 2 a\ + 2aia 2 al - a\a 2 a\, 

the nullity of the following expressions are invariant 

(a| — 0305 + a 2 — a 2 ao){Q n - 2 Rn — Q n R n - 2 ) 2 



a 3 - a 3 a 5 + a 5 - a 2 a 6 



a 3 a 5 — a ^ a fi 



PiQn-2 + a 2 P n - 2 Q n -2 + d^P n Q n -2 + a^P n ^ 2 Q n + d^P n Q r 



(0305 — a 2 ae)(Qn~ 2 R n ~ QnRn- 



2 



:2 



A' 



Oq — = 



P\Qn-2 + a, 2 P n - 2 Q n - 2 + a 5 P n Q 

7i—2 ~t" 03P n _ 2 Q n + d§P n Qr 

AP 1 2 (Q ra _ 2 P„ — QnRn-2) 4 

(a 2 Qn- 2 Pn- 2 + O.^QnRn-2 + 0,3Q n - 2 R n + CLeQ n R n ) 2 ' 

(03 — a^)(Q n - 2 R n — QnRn-2) 



PlQn-2 + Cl 2 Pn-2Qn-2 + d 5 P n Qn-2 + d3,P n - 2 Q n + d§P n 

We can distinguish the following non isomorphic cases: 



Case 2.1. Let 0305 — a 2 a6 7^ be. Then, choosing 

Pfl-2 = —{a&P\QnRn-2 + 0-2<^5Qn-2R n -2 + a \QnR n -2 ~ a&PlQn-2Rn + 

+ a30,5Q n - 2 Rn- 2 Rn + a, 2 aeQ n - 2 Rn-2Rn + 20506QriPri- 2 Pn + 0-3 a &Qn-2R n " 

+a6<2 n P 2 )- 



(0305 — a 2 ae)(Q n -2Rn — QnRn-2) 
Pn = ~{—a-3P\QnRn-2 — a 2 Qn- 2 Pn- 2 — o- 2 d^Q n R n - 2 + asP\Q n - 2 R 

4 



2a 2 d3Q n - 2 Rn-2Rn ~ d^d^Q 'n-Rn-2-Rn — d 2 d§Q n Rn-2Rn — 0>sQn-2R n ' 



-d3d 6 Q n Rn^ 



(0305 — a 2 aQ)(Q n - 2 R n — QnRn-2) 
and using the restriction (2), we obtain a 3 = 1. 
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a) Let 03 — a 5 ^ be. Then, choosing 

n 0-2Qn-2Rn-2 + QihQn-lRn R _ a 3<3n-2 ~ «5Qn-2 ~ »6P?i 

tt3-fl„_ 2 + ffl6-Kn «3 

we get 05 = 0, a 6 = 1 and a' 2 = A G C\{0}. The determinant of the change of basis is formed by the 
potencies of the following non-zero factors: 

(03-R n -2 + a6Rn)PlQn-2{d2Rn-2 + «3-Rn-2-Rn + a$Rn-2Rn + CL§R n ). 

a.l) Let A^O be. Then, we choose 

(020304 - 0305 - 020405 + aia| + a 2 a 6 - aia2a 6 )Pi 
(a 3 - 05)(a3O 5 - a 2 a 6 ) 

Qn-2 = (a|ft4 — aia§a6 — 202030406 + 030506 + 04030506+ 
+02040506 - aia|o6 - a 2 o| + aia 2 a§) 



Pi 



(a 3 - 05)2(0305 - 02a 6 )' 

and we get a[ = a' 4 = and the family Zg(0, A, 1, 0, 0, 1), A G C\{0}. The determinant of change 
of basis is formed by the non-zero potencies of the following factors (03 — 05) (0305 — 0205) APi. 

a. 2) Let A = be. Then, we have 

A' = o' 5 = 0, a' 3 = a' 6 = 1, 

04 — a[ — 3a' 2 a 4 + a! 2 a! x a! A — a' 2 a' 2 — a' 2 (a[ — l) 2 = 0. 

Thus, we obtain the following family 

e t o e-j = C| +J -_ 1 e i+ j, 2 < i + j < n - 3, 

ei o e„_2 = e„_i, 

e„_ 2 o ei = ae„_i, 

e n -2 e„ = e„_i, 

e„-2 e„_ 2 = /?e„_i, with (3^0 

e„ o ei = 7e„_i, with 7 - a - 3/?7 + a/?7 — /3 2 7 2 - /3(1 - a) 2 = 

Now, we make the generic change of basis 

e[ = Piei + P n -2e n -2 + P n e„, 

e'n-2 = Ql e l + Qn-2&n-2 + Qn&ni 

e' n = R\&\ + R n -2&n-2 + R n e n - 
and we have the expressions of the new parameters and the new restrictions: 

, + pP n -2Qn-2 + jPlQn + PnQn-2 + P n -2Qn + PnQu 



i 



1 



P\Qn-2 + (3P n -2Qn-2 + P11-2Q11 + PnQn-2 + PnQn 

_ PQl-2 + 2Q»- 2 Qn + Ql 

PlQn-2 + PPn-2Qn-2 + P«- 2 Qn + Pn Qn — 2 + PnQ n 
aPlRn-2 + (3P n -2Rn-2 + jPjRn + P»Pn-2 + Pn- 2 P« + PA 
PlQn-2 + pPn-2Qn-2 + Pn-2Qn + PnQn-2 + PnQn 
PQn-2Rn-2 + Qn-2Rn + QnRn-2 + QnRn 
PlQn-2 + (3Pn-2Qn-2 + Pn-2<3« + + PnQn ' 

f3R n _ 2 + 2P„_ 2 P„ + P. 2 



PlQn-2 + PPn-2Qn-2 + Pn-2Qn + PnQn-2 + PnQn 
= PlP„-2 + /3P„- 2 Pn-2 + Pn- 2 P„ + P„P„-2 + P n Pn = 0. (**) 
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Putting 



P 



n — 2 



PlQnRn-2 — P\Qn-2Rn + PQn-lRn-zRn + Qn-lR n + Qn,R n 



f3(Q n R n -2 — Qn-2-Rn) 
Pn = \P\QnRn-2 + P Qn-2-R n _2 — P\Qn-2Rn + ^PQn-2Rn-2Rn 

+/3Q n R n -2R n + Qn-iRn + QnRn) Rln u 7^ ^~T, 

P\ylntXn-2 — <^n-2ttn) 

Qn-2 = Rn-2 + Rn, 

PQ n -2Rn-2 QD 
Vn — 5 5 — —pKn-2, 

we get 

«' = -{-PlRn-2 + WPlRn-2 ~ aPP X R n -2 + ^7^1^-2 + 
+ / 3i? 2 _ 2 _ /? 2 i?2_ 2 _ p ii?n + _ aPPlR n + 

1 



-R n -2R n — PR n -2R n + R n — PR n )~ 



' p(pRl_ 2 + R n -2R n + R n y 

i = {PA-2 - PPlRn-2 + apP 1 R n - 2 ~ PR? n -2 + Pi Rn + 

+/3 7 P 1 i?„ - R n - 2 R n - Rl) 



P{PRl-2 + Rn-2Rn + R 2 n ) ' 

P' =P^o 



with Pi(pPf l _ 2 + R n -2R n + Rn) 0- It is easy to prove that: 

- 3^7 + a/3' 

PRl_ 2 + Rn-2Rn + Rl 



j'-a'- 2>p'i + a'P'i - P'^ - /?'(«' - I) 2 = 7-a~3^ + a/37-/?V-^-l) 2 pi 



Now, if we choose 

Rn = \{Pl +P7Pl -Rn-2)- 



(Pl + /3 7 P X - R n -2) 2 + 4(Pli?„-2 - /?PlPn-2 + apP 1 R n -2 ~ /3P„_ 2 ) 

2 

we get i = 0, p' = p^Q, a' + p'(a' - l) 2 = with a' G C\ {0, 1}, thus = - 
and we have the family Zg(a, — 7^rzjp , 1, 0, 0, 1), with a e C \ {0, 1}. 

6) Let 03 — 0,5 = be. Then, we have a' 3 = a' 5 = 1, a 2 — a2<26 7^ and 

, ((ai - l)Q n -2 + aiQn)Pi , 1 



« 4 



02<3n- 


-2Rn-2 + a?,QnRn~2 + 0-zQn-2Rn 
&2Q n -2 + l&zQn-lQn + G6Q 2 


+ deQnRji 


0-2Qn- 


-2Rn-2 + 0,3Q n Rn-2 + a^Qn-2Rn 

((ai - l)P„-2 + a 4 i?„)Pi 


+ CLeQnRn 


CL2Q71- 


-2Pn-2 + azQnRn~2 + a3Qn-2Rn 

a 2R n -2 + 2a 3 i? n _ 2 ^?n + ae-R 2 


+ a&QnRn 



with 



0-2Qn-2Rn-2 + &?>QnRn-2 + 0-zQn-2Rn + a§Q n Rn ' 

P\{QnRn~2 — Qn-2Rn)(ci2Qn-2Rn-2 + 0>3Qn.Rn-2 + O^Qn^Rn + a^QuRn) 7^ 0, 
PlRn-2 + &2Pn-2Rn-2 + 0-d,Pn-2Rn + O-bPnRyi-2 + 0-QP n R n = 0. 



We can suppose 



4 = 



—03 ± -v/a? — et2£ig 

• a2 5c 0, if we choose Q„_2 = <3m we get a 2 = 0, 

a-2 

• a,2 = 0, if we choose Q n -2 = we have a' 2 = 0. 

2a 3 
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Analogously, we can suppose that a' 4 = , using R n 
Now, we have the new family: 



ei o ej = Cl+j^ei+j, 2 < i + j < n - 3, 
ei o e„_ 2 = e„_i, 
e„-2 o ei = a^en-i, 
e„_ 2 oe„ = e n _i, 
e„ o e n _ 2 = e n _i, 



and we make a generic change of basis. Choosing P n and P„_2 (as in previous cases) we get a 3 ' = a'l = 1. 

— we have n'/ = n'J. = D and 

2 



Putting i?„_2 = 0, Qn-2 = we have a" = a 2 ' = and 



„ {1-a'^+Rn „ 2R r , 

a* - 



1 fi> D 

It is easy to check that the nullity of a'{ — 1 is invariant because 

a „_ 1= K - l]PxQn-2 
{Qn-2 + 0>6Qn)Rn 

Moreover, choosing Q n = 2R n we obtain a' e = 1. The determinant of change of basis is formed by the 
non-zero potencies of the following factors a§P\Q n R n . 
Now, we can distinguish two cases: 

b.l) If a[ - 1 ^ 0, choosing R n = (a[ - 1)P 2 we get a'/ = and the algebra Z 10 (0, 0, 1, 0, 1, 1). 
6.2) If oi - 1 = 0, then a'/ = 1 and we have Zu(l, 0, 1, 0, 1, 1). 



Case 2.2. Let 0305 — 0206 = be. 



As 03 7^ => 05 = ^^p- We substitute in (1) and in (2) and we choose 

p _ CL3PlRn-2 + a20>&PnRn-2 + OsO^PnRn 

a 3 (a 2 i?,i-2 + a-sRn) 
Now, taking into account the new parameters (1), we get to: 

/ _ (Q2Qk-2 + Q3Q«)(Q3Q«-2 + a&Qn){a2Rn-2 + a^Rn) 
a\P\{Q n -2Rn — QnRn-2) 

a , _ {a^Qn-2 + aeQ n )(a2R n -2 + a^Rn) 2 _^ ^ 
3 a 2 Pi(Q n -2R n — QnRn-2) 

with a^Pi{Q n R n -2 — Qn-2-Rn)(&2-Ri + a^Rn) and that the nullity of the following expressions: 



^3(0106 — asCLi){a2Rn-2 + azRn){Qn-2Rn ~ QnRn-iWl 

(a3aeP n Q n + a^PiQ n -2 + a2aj,P n -2Qn-2 + o,2<iQP n Q n -2 + a 2 P n -2Q n ) 
(a 2 — a 2 a6)(a3Qn-2 + aeQn){a2R n -2 + azRn){Qn-2Rn — QnRn-2) 
(a 3 a e P n Q n + a 3 PiQ n - 2 + a2a 3 P n -2Q n -2 + a 2 a e P n Qn-2 + a\P n -2Qn) 2 ' 



a[a' e - a' a a' 4 = 



a'o — a' 9 o; 



are invariant. Thus, we can distinguish the non isomorphic cases: 
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a) Let Og — a2ag 7^ be. Then, choosing 

O-lQn-2 



=>• a' 2 = a' 5 = 



P. 



= i 

(020^1 i4-2 ~ 010203^1^-2 + a\a\aiP\R n -2 - a\a 3 a^P\R n - 2 - aial-PA + Q^ajazi-PA) 

(a| - 02a 6 ) 2 (a2i?„-2 + a 3 R n ) 
a[ = 0, 

06-R„ 

iin-2 — , 

03 

=> a' 6 = 
_ (a| - a 2 a 6 ) 2 Rn 

=>a 3 = i. 

it is easy to check that the determinant of the change of basis is formed by the potencies of the following 
non-zero factors 03(03 — a 2 ae)PiQ n - 2 R n . We compute the new parameter 04 : 

, (0304 - aia 6 )R n 
a 4 = T\ 

a.l) If 0304 — aia6 7^ 0, then choosing Qn-2 = - - 4 — — - — — , we have oi = 1 and 

03 

Z 12 (0, 0,1, 1,0,0). 
a. 2) If 0304 — oiag = 0, then a 4 = and we have ^13(0, 0, 1, 0, 0, 0). 

2 

b) Let a| — 0206 = be. We have that 03 7^ 0, 02 7^ and ae 7^ 0. It implies that ae = ^ and 
05 = = 0,3. As in case a), we choose 

„ a2{P\Rn-2 + a2Pn-2Rn-2 + a 3 P n -2Rn) 

a 3 (a 2 R n - 2 + a 3 R n ) 
It is easy to check that the nullity of the expressions 

(a 3 - aia 3 + a 2 a^)(a 2 Q n ^ 2 + a 3 Q n )(a 2 R n - 2 + a 3 R n ) 2 



oi — a'i o'i + On a' 



i«3 t "2"4 — 2 



is invariant. 
Choosing 



a 2 a 3 P\(Q n - 2 Rn — QnRn-2) 



{a 2 Q n - 2 + a 3 Q n ){a 2 R n - 2 + a 3 R n ) 2 , , , 
Pi = — — jq— ^ =>■ a 3 = a 5 = 1 



„ a 2 Q n - 2 + a 3 Q n — a 2 R n - 2 
R n = => an = a fi = 1 . 



we get 



a20, 3 (Q n Rn-2 + <3n-2-Rr; 

a 3 

a\Q n - 2 + a^Qn — R n - 2 

1 Qn-2 — Rn-2 

, _ a 2 a A Q n - 2 + 0304<5n — 03(1 — Oi)i?„_2 — a 2 a±R n - 2 
4 a 3 {Q n - 2 — Rn-2) 

with a 2 a 3 {a 2 Q n - 2 + a 3 Q n )(Q n - 2 - R n - 2 ) / 0. 

Thus, we can distinguish two non isomorphic cases: 

6.1) Let 03 — 0103 + a 2 a4 7^ be. 

If 04 7^ 0, then choosing 

— 0204<5n-2 + a?,Rn- 2 — a\a 3 R n - 2 + a 2 a±R n - 2 

^ i 11 — 

a 3 a 4 

we have a' A = and a[ = aia3 ~ a2a4 ^ 1, that is, a[ = A G C \ {1}. The determinant of 
the change of basis is formed by the potencies of the non-zero factors 020304(03 — 0103 + 
a 2 a 4 )i?„_2(<2r i -2 - Rn-2). We obtain Z 14 = (A, 1, 1,0, 1, 1), A e C \ {1}. 
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If 0,4 = 0, then choosing R n -2 = and R n -2 ^ Qn-2, we have a 4 = 0. The determinant 
of the change of basis is formed by the potencies of the non-zero factors a^az.Qn-'xi.^Qn-i + 
a 3 i?„). We get to the previous family. 
6.2) Let 0,3 — 0103 + 0204 = be. 

We can suppose 04 = ^— It is easy to prove that the nullity of 

0,2 

/ _ 1 _ (fll - 1)(Q2Qti-2 + a?,Qn){a2Rn-2 + a 3 Rn) 
1 a,2CL3{Q n Rn-2 ~ Qn-2Rn) 

is invariant. 

Putting the adequate values of the parameters P n ,Pi and R n , we get to a 2 = a 3 = = 



a' 6 = 1 and 



/ a\CL2Qn-2 ~ 0,sQn + 0'\0'3Qn — 02-Rri-2 



1 a2az{Q n Rn-2 — Qn-2-Rn 

with a 2 a 3 (a2Qn-2 + a 3 Q n )(Q n -2 - Rn-2) / 0. 
Now, we can distinguish two cases: 

— If a\ — 1 7^ 0, choosing Q n = — a2 ^ ai ^ n 2 ^ n 2 ^ we have a\ = 0, 04 = —1 and the 

(ai - l)a 3 

algebra Z 15 (0, 1, 1, -1, 1, 1). 

— If ai — 1 = 0, we have = a 4 = 1 and Zie(l, 1, 1, 0, 1, 1). 

The theorem is proved. □ 

Case II. If n > 3, r 2 = 1, then we have the following gradation: 

= (ei,e„), Z 2 = (e 2 ), . . . , Z ri = (e ri ,e n _ 2 ), Zri+i = (e ri +i, e„_i), . . . , Z„_ 3 = (e n _ 3 ) 

Let Z be a n-dimensional naturally graded Zinbiel algebra of type I with r\ > 3 and r% = 1, then 
the following lemma is true. 

Lemma 3.2. Tjf n > 3, r2 = 1 and n > 7, £/iere are not any naturally graded Zinbiel algebras. 

Proof. According to the properties of the gradation, Z\ o Z\ = Z 2l we have: 

e„ o ei = aie 2 , 
e-n ° e„ = a 2 e 2 . 

From Z(ei, e„, ei) = Z(ei, e n , e„) =0we get ot\ — a 2 = 0. 
Furthermore, we have 

e n o a = e n o (ei o e 4 _i) = (e„ o ei) o e,_i — (i - l)e„ o ej =>- e„ o e, = for 1 < i < n — 3, 

and 

e,: o e„ = (ei o e»_i) o e„ = ei o (e»-i o e„) + ei o (e„ o e»_i) = => e l o e„ = for 1 < « < n — 3. 

We observe that it is not possible to obtain the element e n -2 for n > 7, this contradicts with the 
supposition r\ > 3. Thus, in this case, we do not obtain any naturally graded Zinbiel algebra. □ 

Case III. If n =2, r 2 = 1, then 

Zi = (ei,e n ), Z 2 = {e 2 ,e„_ 2 }, Z 3 = (e 3j e n _i), Z 4 = (e 4 ), . . . , Z n _ 3 = (e„_ 3 ) 

Let Z be a n-dimcnsional naturally graded Zinbiel algebra of type I with r\ > 2 and r 2 = 1, then 
the following lemma is true. 

Lemma 3.3. If r\ = 2, r 2 = 1 and n > 8, t/ien i/iere are no£ any naturally graded Zinbiel algebra. 

Proof. According to the properties of the gradation, Z\ o Z\ = Z 2 , we obtain the following multiplica- 
tion: 

e-n ° ei = «ie 2 + Ae n _ 2 , 
e n o e„ = a 2 e 2 + $2e n _ 2 . 
From the identity Z{e\, e„, e\) = Z{e\, e n , e n ) — 0, a.\ — j3\ = 0,2 = P2 = follows. 
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As in the previous case, we prove that e n o a — e\ o e n = for 1 < i < n — 3, and therefore it is not 
possible to obtain the the element e n _ 2 for n > 8 and it contradicts the gradation. Thus, in this case, 
we do not obtain any naturally graded Zinbicl algebra. □ 

Case IV. If n = 1, r 2 > 4, then 

Z\ — ( e ii e n _ 2 ), Z 2 = (e 2 , e n _i), . . . , Z ri = (e ri , e„), . . . , Z„_ 3 = (e„_ 3 ) 

Let Z be a n-dimensional naturally graded Zinbiel algebra of type I with rx = 1 and r 2 > 4, then 
the following lemma is true. 

Lemma 3.4. 7/ri = 1, r 2 > 4 and n > 8, t/iere are no£ any naturally graded Zinbiel algebras. 
Proof. Similar to Case II and Case III. □ 

Case V. If T\ = 1, r 2 = 2, then 

Zi = (ei,e„_ 2 ), Z 2 = (e 2 , e n _i,e n ), . . . ,Z 3 = (e 3 ), . . . , Z„_ 3 = (e„_ 3 ) 

Let Z be a n-dimensional naturally graded Zinbiel algebra of type I with r± = 1, r 2 = 2 and n > 8. 
We have 

e n - 2 o ei = «ie 2 + /3ie„_i + 71 e n , 
e n - 2 o e„_ 2 = a 2 e 2 + /3 2 e„_x + 7 2 e„, 
e n -2 ° e„_i = <5ie 3 , 
e„-2 e„ = <5 2 e 3 , 
e„ o ei = <5 3 e 3 , 
e n ° e„_ 2 = 5 4 e 3 , 
e n ° e n -i = <5 5 e 3 , 
e n o e„ = <5 6 e 3 . 
We compute the following identities of Zinbiel 

Z(ei,e„_ 2 ,ei) = Z(e lf e„_x, ex) = Z(e 1; ei, e„_ 2 ) = Z(e„_ 2 , ei, ei) = 
Z(e n _ 2 , e„_i, ei) = Z(e„_ 2 , e„_ 2 , ex) = Z(ei, e„_ 2 , e„_ 2 ) = Z(ei,e n ,ei) = 
Z(en-2, e„, ei) = Z(ex, e„, e n _ 2 ) = Z(ei, e„_ 2 , e„_i) = Z(ei, e„_ 2 , e n ) = 
Z(e„, e„_i, ei) = Z(et,e n ,e n ) = 0. 

and we have ot\ — a 2 — b\ = 82 = 83 = 8& = 85 = 8q = 0, and 

e 2 o e„_ 2 = e„_ 2 o e 2 = e„_x o e„_ 2 = e„_x o e„_i = e„_i o e„ = 0. 
Now we will consider the following multiplication: 

e„-i o ej = (e n _i o ex) o e 4 _i - (i - l)e„_x o e t 

=^ e„_i o ej = 0, 1 < i < 77 — 3, 

eioe„_i = (ei o e,_i) o e„_i = 

= ei o (ei_i o e„_i) + e x o (e„_i o e<_i) = 
=> ei o e„_i =0, 1 < i < 77 — 3, 

e„-2 ° = (e„_ 2 o ei) o e^i - (i - l)e„_ 2 o e 4 

=>• e n -2 £i = 0, 2 < i < n — 3, 

e l oe„_ 2 =(e 1 oe ! _i)oe„_2 = 

= ei o (ej_i o e„_ 2 ) + ei o (e„_ 2 ° e 4 _i) = 0, 
=> e^ o e„_ 2 = 0, 2 < i < n — 3, 

e„ o ei = (e„ o ei) o e$_i - (i - l)e„ o ei 

=> e n o e^ = 0, 1 < i < n — 3, 

e t oe n = (ex ° ej_x) o e„ = 

= ex o (ej_x o e„) + ex o (e„ o ej_x) = 
=> ei o e„ = 0, 1 < i < n — 3, 
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Thus, we have received the following family: 

d o ej = Cj+j^ei+j, 2 < i + j < n - 3, 

ei o e„_ 2 = e„_i, 
e n -2 ei = Ae„-i + 71 e„, 

e n -2 °e„_ 2 = ^2e«-i + 72e„, with (71,72) # (0,0). 

Theorem 3.5. Let Z 6e an n- dimensional naturally graded Zinbiel algebra of type I with r\ = 1, 
r-2 = 2 and n > 8. Then, Z is isomorphic to one of the following algebras, pairwise non isomorphic: 

Z 17 (A, 0,0,1), A e C, Z 18 (l, 0,1,1), Zi 9 (0, 1,1,0), Z 20 (0, 0,1,0). 

Proof. As in Theorem 3.1 we make the generic change of basis and we study all de cases. □ 



Z(/3i,A2,7i>72) 



Case VI. If ?*i = 1, r2 = 3, then 

Zi = (ei, e„_ 2 ), ^2 = (e 2 , e„_i), . . . , Z 3 = (e 3 , e„), . . . , Z„_3 = (e„_ 3 ) 

Let Z be an n-dimensional naturally graded Zinbiel algebra of type I with r% = 1, r% = 3 and ?i > 8. 

Theorem 3.6. Let Z be an n-dimensional naturally graded Zinbiel algebra of type I with r\ = 1, 
T2 = 3 and n > 8. Then, Z is isomorphic to the following algebra: 

e H o e-j = Cf+j^ei+j, 2 < i + j < n - 3, 
ei o e„_ 2 = e„_i, 
e„_ 2 o ei = -e„_i, 



^2 



e ri -2 o e„_i = en- 
Proof. Using the gradation and its properties, we compute Z\ o Z\, Z\o Z2 and Z2 o Zi and we have: 

e„-2 o ei = aie 2 + Pie n -i, 
e„-2 e„_2 = «2e2 + /^e^-i, 
e„-2 e„_x = a 3 e 3 + /3 3 e n , 
e„-i e„_ 2 = 2a 2 e 3 , 
e„-2 e 2 — a 4 e 3 + /3 4 e„, 
e„-i o ei = «ie 3 , 
e2 o e„_ 2 = "ie 3 . 

From the following Zinbiel identities: 

Z(ei,e n -i, ei) = Z(e„_ 2 , ei, ei) = Z(e„_ 2 , e„_i, e x ) = Z(e n _ 2 , e„_ 2 , e x ) = Z(e„_ 2 , e„_ 2 , e 2 ) = 
we obtain that 

ai = a 4 = (3i = 0, 
3a 3 + /3 3 (e n o e%) = 0, 
2a 2 - G81 + l)a 3 = 0, 
(/?! + = 0, 
/3 2 (e„_i o e 2 ) = 0. 

From the restrictions, it is easy to see that a 2 = 0. Moreover, we compute e n _i o e 2 = e 2 o e„_i = 0. 
Furthermore, from the multiplication Z\ o Z 3 and Z 3 o Z\, we have 

e„ o e x = Siei, 
e n -2 e„ = <5 3 e 4 , 
e« o e„_ 2 = <54e4, 

<5 2 e 6 , n > 9, 
0, n = 8 



(3M 



e T7 o e n — 



Now we will consider the following equalities: 

Z(ei,e n , ei) = Z(e„_ 2 , e„, ei) = Z(ei,e n , e„_ 2 ) = Z(e„_ 2 , e n _ 2 , e„_ 2 ) = 

we get Si = 5 3 = <5 4 = 0. 

If n > 10, we make Z(e\, e„, e n ) = and we obtain ^2 = 0. Thus, e n € Center(Z). 
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Taking (3) into account we have ct 3 = 0. Thus, e„_2°e n _i = /3 3 e„. If ft = we have a contradiction 
of the gradation, in particular with r2 = 3. Thus, ft 0. We can suppose e n -i e-n-i — e n . By using 
(3), we can see ft = —1. 

From Z(e„_2, ei, e„_2) = we get ft = 0. Now, similar to previous cases we prove that 

e„-i e.i =e,o e n _i = e n _ 2 °e, = e,o e„_ 2 = 0, for 2 < i < n - 3. 
Furthermore, we have: 

e„-i o e„_x = <55e4, 
e„-i o e„ = (5 6 e5, 
e„ o e n _i = (5 7 e 5 , 

and from the equalities: Z(ei, e n _ 2 , e n _i) = Z(ei, e„_ 2 , e n ) = Z(e„_ 2 , e„_i, e n _i) = 0, we get <5 5 = 
5 6 = <5 7 = 0. 

It only has to be proved that when n = 9, then 62 = 0. Now, from Z(e n -2, s n -x, e„) = we lead to 
S 2 =0. 

Finally, we obtain the algebra of the theorem. □ 

3.2. Type II. Now we will consider naturally graded Zinbiel algebra of the second type. 

Let Z be a n-dimensional naturally graded Zinbiel algebra of type II, then there exists a basis 
{ei, e2, . . . , e„} such that the operator of left multiplication L ei has the following matrix form: 

J 2 \ 

Jn-3 

Ji / 
We have the products: 

e x o e\ = e 2 , 
ex o e 2 = 0, 

ex o ei = ej+i, 3 < i < n — 2, 
ei o e„_i = 0, 
ei o e„ = 0. 

Thus, the subspaces of the natural gradation are: 

< ei,e 3 >C Zx, < e 2 ,e 4 >C Z 2 , < e 5 >C Z 3 , . . . , < e n _i >C Z„_ 3 
Let us assume that e n £ Z r with 1 < r < n — 3. 

Theorem 3.7. There does not exist any naturally graded Zinbiel algebra of type II with dimension 
greater or equal to 9. 

Proof. Using the property of the gradation, Z{ o Zj C Zi+j, we have that e 3 o ex = «ie2 + fte 4 and 
e 3 o &2 = ftes + (*)e n , where (*) indicates the coefficient of the vector e n when r = 3, or (*) = 0. 
Let us consider the following product: 



e 4 ex = 


(d e 3 ) 


ex = 


(1- 


bft)e 5 , 


e 2 e 3 = 


(ex ex) 


° e 3 = 


(1- 


bft)e B , 


e 2 e 4 = 


(ex ei) 


e 4 = 


(2- 


hft)e 6 , 


e 4 e 2 = 


(ex e 3 ) 


e 2 = 


(1- 


hft + ft)e 6 , 


e 5 ex = 


(ei e 4 ) 


ex = 


(2- 


1- ft)ee, 


e 2 e 5 = 


(ei ei) 


e 5 = 


(3- 


hft)e 7 , 


es e2 = 


(ei e 4 ) 


e2 = 


(3- 


h 2ft + ft)e 7 



From the following identities: 

= Z(ex, e 2) e 3 ) => e 3 o e 3 = (1 + ft + ft)e 6 , 
e 3 o e 3 G Z 2 and e6 G Z 4 , 
=> 1 + ft + ft = 

= Z(ei, e 2 , e 4 ) e 3 o e 4 = (3 + 2ft + ft)e 7 , 
=> e 3 oe 4 e2 3 and e 7 e Z 5 , 
=► 3 + 2j8i + j3 2 = 

= Z(ex,e 2 ,e 5 ) => e 3 o e 5 = (6 + 3ft + ft)e 8 , 
=> e 3 o es G Z 4 and es £ Z 6 , 
=> 6 + 3ft + ft = 0. 
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We have the next system of equations: 

1 + h + fa = 
3 + 20i + lh = 
6 + 3/3i + fl, = 

It is trivial to see that this system of equations do not have solution. Then, there does not exist 
any naturally graded Zinbicl algebra of type II with dimension greater or equal to 9. □ 

3.3. Type III. Now we will consider naturally graded Zinbiel algebra of type III. 

Let Z be a n-dimensional naturally graded Zinbiel algebra of type III, then there exists a basis 
{ei, e 2 , ■ • ■ , e„} such that the operator of left multiplication L ei has the following matrix form: 

Ji \ 
Jn-3 
J 2 J 

We have the products: 

ei o ei = 0, 

ei o ei = ej+i, 2 < i < n — 3, 
ei o e„_i = e„, 
ei o e„ = 0. 

Then, the subspaces of the natural gradation are: 

< ei,e 2 >C Z 1 , < e 3 >C Z 2 , < e 4 >C Z 3 , . . . , < e„_ 2 >C Z„_ 3 

Theorem 3.8. There does not exist any naturally graded Zinbiel algebra of type III with dimension 
greater or equal to 7. 

Proof. Using the identity (a o b) o c — (a o c) o b we have 

e3 ° ei = (ei o e 2 ) o ei = (ei o ei) o e 2 = 

that is, e3 o ei = 0. 

From the following identity we have: 

= (ei o ei) o e 3 = ei o (ei o e 3 ) + e\ o (e 3 o ei) = ei o e 4 = e 5 

We get a contradiction because n > 6. Thus, there does not exist any naturally graded Zinbiel 
algebra of type III. □ 
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